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Abstract
In this thesis we describe the potential application of Si3N4 cantilevers in
a Magnetic Resonance Force Microscopy (MRFM) setup. In a
characterization of these cantilevers we find quality factors up to 26000 at
100 mK and determine the thermal force noise SF to be 0.66 aN/
√
Hz,
which is competitive with currently used single crystal silicon cantilevers.
With this we show that Si3N4 cantilevers are suitable replacements for the
currently used MRFM cantilevers. We perform a study of the higher
order resonance modes of this cantilever and compare this to a simulation
of the eigenfrequencies of the cantilever. Lastly we describe a method of
applying feedback with a specific phase or gain to the cantilever. We use
this feedback to cool the effective temperature of the fundamental
resonance mode of the cantilever from a saturation temperature of 100
mK to 28 mK. We show that this result is limited by the high detection
noise in the setup and make suggestions for further improvements. This
new, more convenient, feedback scheme should allow for easier
implementation of feedback cooling in future MRFM experiments.
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Chapter1
Introduction
1.1 The idea behind MRFM
Magnetic Resonance Force Microscopy (MRFM) is a technique that aims
at creating atomic resolution 3D images. In order to do this it tries to com-
bine the strengths of two popular imaging techniques: Atomic force mi-
croscopy (AFM) and Magnetic Resonance Imaging (MRI).
An AFM setup is based on using a cantilever with a spring constant of
10-0.01 N/m as an ultra sensitive force sensor. This cantilever is moved
across the surface of a sample in close enough proximity for the surface to
exert forces on it. The deflection of the cantilever due to these forces can
be used to make a topographical image of the sample. Due to the high
force sensitivity of a cantilever, AFM is able to achieve atomic resolution.
A clear downside of this technique is that images can only show a surface
profile of samples but fail to probe the bulk of samples. MRFM tries to
resolve this limitation of AFM by combining it with MRI.
MRI is a technique that is often used in medicine and can produce 3D
images of the bulk of samples. In an MRI-scanner a sample is subject to
a large magnetic field, referred to as B0. This magnetic field induces a
Zeeman-splitting of the energy levels of spins in the field according to:
E = −~µ~B0 = −mγh¯|B0| (1.1)
where E is the Zeeman energy and µ is the magnetic moment associated
with the spin of the nucleus, m is the spin quantum number along the
direction of the field and γ is the gyromagnetic ratio of the nucleus. For a
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hydrogen nucleus, for which m = ±1/2, this leads to two Zeeman energy
levels. These levels represent the particles magnetic moment being aligned
with or opposed to the applied magnetic field B0. Due to its lower energy,
there will be a larger population of spins aligned with the magnetic field,
this is known as a Boltzmann polarization P
P = tanh
(
− E
kBT
)
(1.2)
where kB is the Boltzmann constant and T is the sample temperature. For
a hydrogen nucleus under typical MRI conditions of a 7 T magnetic field at
room temperature the Boltzmann polarization might be as low as 24 ppm,
which means large samples are required to obtain enough signal.
The sample in the MRI-scanner can then be exposed to an oscillating
magnetic field B1. This field can cause transitions between the Zeeman
energy levels if the resonance condition is met:
ωL =
∆E
h¯
= γB0 (1.3)
where ∆E is the energy gap between the two Zeeman states and ωL is the
Larmor frequency. In a classical picture, the B1 field changes the orien-
tation of the magnetic moment due to the Boltzmann polarization of the
sample. Once the B1 field it turned off the components of the magnetic
moment of the sample perpendicular to the B0 field will start to precess
around it. This precession results in an oscillating magnetic signal which
can be detected with a pick-up coil. 3D imaging can be achieved with MRI
by applying a B0 field with a gradient to it, as this will cause the precession
frequency of spins in the sample to become a function of position. Using
this detection scheme the spatial resolution of MRI is quite limited, the
minimal number of detectable spins is in order of 1012 which leaves the
smallest volume resolution in the micrometer scale [1]. By combining MRI
and AFM one could try to make the 3D images as obtained by MRI with
the resolution of AFM.
1.2 Magnetic Resonance Force Microscopy
MRI and AFM can be combined to create a MRFM setup as seen in
figure 1.1. The B0 field in this setup is supplied by a magnetic particle at-
tached to the end of a cantilever. This cantilever is approached to a sample
8
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Figure 1.1: Schematic of MRFM setup, figure reproduced from ref. [4]
from above. A superconducting pick-up coil is deposited on the sample
which is in turn connected to a SQUID. The movement on the cantilever is
detected inductively by the flux of the magnetic particle through the pick-
up coil. A superconducting wire is also deposited on the sample. Sending
an alternating current through this wire creates the B1 field. The resonance
condition (equation 1.3) in an MRFM setup will be met in a thin slice at
a certain distance from the magnetic particle, referred to as the resonant
slice. The thickness of the resonant slice is determined by the gradient of
the B0 field and the line width of the spins in the sample. The use of a small
magnetic particle to create a B0 field also leads to a large field gradient, in
our group we reach a gradient of around 2.5 · 105 T/m [2]. The high spatial
resolution of MRFM is showcased in one of MRFMs biggest achievements
where Degen et al. managed to image a tobacco mosaic virus with a < 10
nm resolution [3], a 100 million fold improvement over traditional MRI.
However, to truly reach the goal of atomic resolution imaging the MRFM
setup must be sensitive enough to detect a single nuclear spin. A single
spin will, to first order approximation, exercise a force on the cantilever of:
Fspin = −∇E = µ∂B∂x (1.4)
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where we only look at forces in the sensitive direction of the cantilever,
which we take as the x-direction. The forces exercised by randomly ori-
ented spins average out, only in a polarized sample there is a total force
on the cantilever. This total force on the cantilever causes a change in the
cantilevers natural spring constant k0 according to:
ks = ∇Fspin = µ∂
2B
∂x2
(1.5)
This change in the spring constant can be detected as a change in the can-
tilevers resonance frequency f0 by:
∆ f =
1
2
ks
k0
f0 (1.6)
Using equation 1.4 and the earlier mentioned magnetic field gradient of
2.5 · 105 T/m, we can determine the force exerted by the a single proton to
be 0.0035 aN and the force of a single electron 2.32 aN. In 2004 Rugar et
al. already managed to detect a single electron spin [5], yet detection of a
single nuclear spin has so far not been achieved.
In thermally driven spectra of the cantilever we can see that the ther-
mal motion of the cantilever produces a signal several orders of magnitude
larger than the white SQUID noise. This demonstrates that the main lim-
iting factor in detecting the force of spins acting on the cantilever is the
thermal force noise driving the cantilever. The power spectral density of
thermal force noise SF follows:
√
SF√
BW
=
√
4kBTγ =
√
4kBT
ω0me f f
Q
(1.7)
where BW is the measurement bandwidth, T the effective temperature of
the cantilever, γ the friction coefficient of the cantilever, ω0 = 2pi f0 the
angular resonance frequency, Q the quality factor, and me f f the effective
mass of the cantilever. Using equation 1.4 and 1.7 we can define the mini-
mal detectable magnetic moment µmin:
µmin =
1
∇B
√
4kBT
ω0me f f
Q
BW (1.8)
To further increase the sensitivity of MRFM the Oosterkamp group
aims at performing MRFM measurements at milliKelvin temperatures,
10
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further reducing the thermal force noise of the cantilever. Reducing tem-
peratures to the milliKelvin range will also open up opportunities for mea-
suring novel materials that are unaccessible at higher temperatures. These
low operating temperatures also necessitate the SQUID based read-out of
the cantilever. A laser interferometer based read-out would cause heating
of the cantilever [6], which generally limits the temperature of the can-
tilever to above 200 mK [7]. Photons from the interferometer may also
cause optical excitations of the spin bath.
In chapter 2 of this thesis we will give a detailed description of the
setup used in this project. We will also introduce a new method used for
the analysis of measurements of the properties of the cantilever. In chap-
ter 3 we describe the characterization of a new silicon nitride cantilever
which is to be used in the main MRFM setup of the group. Most notably
we aim to determine the thermal force noise driving the movement of this
cantilever. In chapter 4 we continue our characterization of the Si3N4 can-
tilevers with a study into higher resonance modes. We describe a simple
method of locating these higher resonance modes and compare results to
a finite elements simulation. In chapter 5 we describe the application of
feedback cooling to the cantilever, which we use to further reduce the ef-
fective temperature of the cantilever. Finally in chapter 6 all results are
summarized.
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Chapter2
Materials and methods
In this chapter we provide a detailed description of the experimental
setup. We will give a theoretical description of the cantilevers response
to applied forces, which is of crucial importance for both the experiments
done in this thesis and MRFM measurements. We then describe a general
fitting method which can be used to determine the properties of the can-
tilever. Lastly we describe additions made to the setup to apply a feedback
signal to the cantilever, and describe how one can control the phase and
gain of the feedback signal.
2.1 Experimental setup
Experiments are done in a commercial dilution refrigerator, the mixing
chamber of which reaches temperatures of 10 mK. The setup used for
the experiments in this thesis is illustrated in figure 2.1, and consists of a
cantilever suspended several micrometers above a SQUID. The cantilever
holder is fitted with a piezo element, which is connected to a function gen-
erator. This can be used to drive the cantilever at any desired frequency.
The SQUID signal is amplified using a pre-amplifier, this signal is then
transfered to a lock-in amplifier, which further increases the signal to noise
ratio. Both the SQUID and the cantilever are placed in a lead box to shield
the SQUID from external magnetic noise. A thermometer and heating el-
ement were placed outside this lead box. For this setup we used a two
stage SQUID device. This device consists of a single input SQUID which
is connected to an array of amplifier SQUIDs. The single input SQUID is
used to detect the signal of the cantilever, the array of amplifier SQUIDs
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(a) . (b) .
Figure 2.1: a). Schematic of the experimental setup. A cantilever with a magnetic
particle is suspended above a SQUID, movement of this cantilever causes a flux φ
through the SQUID. The cantilever can be driven using a piezo element attached
to the cantilever holder. The SQUID signal is first sent through a pre-amplifier
and a lock-in amplifier before being analyzed. b). A picture taken of the can-
tilever suspended above the SQUID. The SQUID is a small circle right above the
cantilever in the picture.
provide a low noise way of amplifying the signal at mK temperatures, re-
sulting in a flux noise floor below 1 µΦ0/
√
Hz.
2.2 New cantilevers
The cantilever used in these experiments is made of silicon nitride (Si3N4)
bought from the company NuNano∗. Previous cantilevers where made
of single crystal silicon and fabricated by Chui et al. [8]. Si3N4 was re-
cently shown to be a promising material for cantilever fabrication, with
high stress Si3N4 resonators showing very high Q factors of 108 at mK
temperatures [9]. These cantilevers need to be properly characterized and
tested before they can be implemented in a MRFM setup. Most impor-
tantly we want to know if a lower thermal force noise can be achieved
with new cantilevers, as this determines the measurement sensitivity that
can be achieved with the cantilever (equation 1.8). The length, width, and
thickness of these new Si3N4 cantilever are 130 μm, 1 μm, and 100 nm, re-
spectively. A magnetic particle with a diameter of 3.47 μm is attached to
the end of the cantilever. The saturation magnetization µ0M of this mag-
∗NuNano Ultrasoft cantilevers, Nuvoc ARRAY 100, https://www.nunano.com
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Figure 2.2: Measured squid signal for an MRFM measurement, where the can-
tilever is driven using a piezo motor and measured using a lock-in amplifier. a)
Amplitude of the measured signal, the red solid line is a Lorentzian fit. b) Phase
of the measured signal. c) Polar plot of the a) and b) data, as expected the data
is shaped as a circle. An additional phase shift can be observed, in b) the phase
diagram starts at 20 degrees and in c) the circle rotated away from its canonical
position on the y-axis. This shift is mostly caused by filters used on the SQUID
signal. Figure reproduced from ref. [14]
netic particle is expected to be 1.3 ± 0.1 T [10]. Using these parameters,
the effective mass [11] and spring constant [12] of the cantilever can be
calculated:
me f f =
33
140
mbeam +mparticle = 2.11 · 10−13 kg (2.1)
k0 =
1.030
4
Ywt3
l3
= 2.9 · 10−5 N/m (2.2)
where Y is the Young’s modulus of Si3N4 which is about 250 · 109 Pa [13]
and w, t and l are the width thickness and length of the cantilever. The
effective mass of the cantilever is dominated by the mass of the particle.
NuNano specifies the spring constant to be 2 · 10−5 N/m.
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2.3 Cantilever response
The movement of the cantilever is subject to the following differential
equation:
me f f x¨+ γx˙+ kx = Fdrive(t) (2.3)
where x is the position of the cantilever, γ is the damping of the cantilever
and Fdrive(t) is a force driving the cantilever motion. This differential equa-
tion can be solved in the frequency domain to give the following transfer
function:
H(ω) =
1
1− ( ωω0 )2 + i · ωω0Q
(2.4)
where ω0 =
√
k
me f f
is the resonant frequency of the cantilever and Q =
me f fω0
γ is the quality factor. Plotting the real- versus the imaginary part
of the transfer function we find a circle as is typical for a resonator (fig
2.2c). The change in the effective spring constant of the cantilever can be
measured as a change in the resonance frequency of the signal. In the limit
of Q >> 1 the amplitude of the transfer function can be approximated as
a Lorentzian around the resonance frequency (fig 2.2a):
| H(ω) |2= 1
2pi
ω0/Q
(ω0 −ω)2 + (ω02Q )2
(2.5)
The phase of the signal changes by 180 degrees as the resonance frequency
of the cantilever is crossed.
2.4 Fitting of the transfer function
Often the resonance frequency and quality factor of the cantilever can be
determined directly from a Lorentzian fit to the amplitude of the SQUID
signal (fig 2.2). The signal from the cantilever can however be altered by
crosstalk in the electronics of the device and by the use of filters to pro-
cess the signal. This can, in general, give the circle a translation X in the
complex plane and rotate it by a phase φ.
Hnew(ω) = (H(ω) + X) eiφ (2.6)
In a system with large crosstalk the amplitude and phase of the transfer
function might be unrecognizable, however the transfer function will still
be a circle in the complex plane. The circle can manually be rotated and
16
Version of June 7, 2018– Created June 7, 2018 - 15:00
2.4 Fitting of the transfer function 17
Figure 2.3: Figure illustrating the fitting procedure as described in section 2.4.
The red circles represent a polar plot of a measured SQUID signal. The blue circle
is a circle fitted through the measured data points, the center of which is also
plotted. The black squares represent a parameterization of this circle according to
formula 2.7. The first data point of both the measured data and the fit are solid.
translated back to canonical position. However this method has question-
able reproducibility and accuracy. We therefore aim to use a fit to the polar
plot of the transfer function directly to determine the properties of the can-
tilever. This fit can be characterized by six parameters: the radius of the
circle, the phase shift of the circle, the x- and y-shift of the circle, the reso-
nance frequency, and the quality factor.
A first version of this fitting procedure was worked out by Martijn
van Velzen [15]. His program first fits a circle through the measured data
points in the complex plane (fig 2.3). The resonance frequency and the
quality factor are determined by the angular progression of the circle as a
function of frequency [16].
To allow for direct comparison of data and fit, we now add a frequency
parameterization to the obtained fit. This allows one to translate the fit
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back into frequency domain, where one will obtain a Lorentzian lineshape.
A frequency parameterization can be created using the obtained Q-factor
and resonance frequency, according to:
f = f0
(
1− tan(−φ)
2Q
)
(2.7)
where f is the frequency and φ is the phase of the signal. The obtained
parameterized fit is rotated to match the phase shift of the original circle,
for this we use the first data points of the fit and measurement. All six
obtained parameters can then be improved by minimizing the weighted
sum of residuals:
sse =∑W
(
(X f it − Xdata)2 + (Yf it −Ydata)2
)
(2.8)
where W is a weight function which is 1 at the resonance frequency and
drops off with frequency around this point and X and Y are real and imagi-
nary parts of the fit and data. We choose to use a weighted version because
we especially care about the accuracy of the fit near resonance.
2.5 Feedback cooling
Reducing the mode temperature of the fundamental resonance mode of
the cantilever can be a challenging problem. As seen in section 3.1 poor
thermal conduction might lead to a high saturation temperature, far above
the bath temperature. To further reduce the temperature of the cantilever
we aim to apply feedback cooling. In feedback cooling the motion of a
resonator is read-out and coupled back as a feedback signal (figure 2.4).
The phase of this feedback signal can cause the motion to either be sup-
pressed or amplified. In the setup we use the piezo element on the can-
tilever holder to apply the feedback signal to the cantilever.
Feedback cooling aims to reduce the mode temperature of a specific
mode of the resonator. To achieve this the feedback signal must be exactly
the right amplitude and phase at the resonance frequency of the mode.
Applying the wrong phase would means the signal might be amplified
instead of suppressed. Applying a too strong or too weak feedback sig-
nal means the mode temperature would not be suppressed to its minimal
value. We aim to use a variable bandpass filter to apply both the desired
phase and amplitude.
18
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Figure 2.4: Schematic of the experimental setup used to apply feedback cooling to
the cantilever. The measured signal of the cantilever is send through a bandpass
filter to attain a desired gain and phase. It is applied back as a feedback signal
using the piezo element.
The phase and amplitude at the resonance frequency will be deter-
mined by the cut-off frequencies of the low-pass and high-pass filter that
make up the bandpass filter. The amplitude of the transfer function de-
scribing a bandpass filter is given by:
|H(ω)| = (ω/ωC,2)
n
(1 +ω2/ω2C,1)
n/2(1 +ω2/ω2C,2)
n/2 (2.9)
where ωC,1(2) is the cut-off frequency of the low (high) pass filter and n
is the order of the filter. The phase of the transfer function describing the
bandpass filter is given by:
Phase (H(ω)) = n
(pi
2
− arctan(ω/ωC,1)− arctan(ω/ωC,2)
)
(2.10)
Using these two formula the correct cut off frequencies are determined.
Plots of |H(ω)| and Phase (H(ω)) for some typical filter settings can be
seen in figures 2.5.
A limitation of applying gain with a filter is that only a gain smaller
than 1 can be applied to the signal. When a large phase shift is desired we
find the gain must be much smaller than 1. To resolve this problem we
simply amplify the filtered signal with an amplifier, this way any desired
gain can be reached regardless of the applied phase.
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(a) .
(b) .
Figure 2.5: a). Bode amplitude plot of a second order bandpass filter. The desired
frequency was set at ω = 1645, with a desired phase shift of 50 degrees and a gain
in voltage of 0.05. The cutoff frequencies of the low-pass and high-pass filters are
1580 and 4822. b). Bode phase plot using the same filter settings.
20
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Chapter3
Silicon nitride cantilever at
milliKelvin temperatures
In this chapter we will discuss a characterization of the new Si3N4 can-
tilevers. Several Si3N4 cantilevers have been tested by Martijn van Velzen
[15] at 4K by mounting the described setup in a dipstick. In these measure-
ments he found the quality factors to be of similar order as currently used
single crystal silicon ones. We now aim to expand on these results and
test the cantilevers at milliKelvin temperatures. We will perform a set of
temperature dependent measurements and determine the saturation tem-
perature of the cantilever, where the cantilever is no further cooled by its
environment. Using a set of thermally driven spectra we can determine
the thermal force noise of the cantilever using equation 1.7. The thermal
force noise will be the main test of the performance of the new cantilevers.
3.1 Saturation temperature
Measurements are done at several different temperatures. Experiments
were started at a base temperature of 40 mK, after this the temperature
was increased in steps to 800 mK and back down to 40 mK. Two spec-
tra are made at each temperature: a thermal spectrum where no driving
force is applied to the cantilever and a spectrum driven by the piezo ele-
ment on the cantilever holder. In a piezo driven measurement the driving
frequency of the piezo is scanned around the fundamental mode of the
cantilever.
Version of June 7, 2018– Created June 7, 2018 - 15:00
21
22 Silicon nitride cantilever at milliKelvin temperatures
Figure 3.1: Resonance frequencies obtained from piezo driven spectra at different
temperatures. The red arrows indicate the order in which measurements were
taken. The resonance frequencies are determined by the fitting procedure de-
scribed in chapter 2. A constant drift towards higher frequencies can be seen, the
cause of this is unknown. A step can be seen in the resonance frequency of the
last three measured spectra, no clear origin of this step has been found.
The piezo driven spectra are fitted using the fitting method described
in chapter 2. This yields a resonance frequency (fig 3.1) and Q factor (fig
3.2) of the fundamental mode of the cantilever as a function of temper-
ature. The cantilevers resonance frequency is around 1645 Hz and the
quality factor is around 26000 at T < 100 mK. We observe a constant drift
in the resonance frequency of the cantilever, the cause of this drift is un-
known. The spring constant of the cantilever can be determined using the
resonance frequency and the effective mass of the cantilever calculated be-
fore:
k0 = ω20me f f = 2.25 · 10−5 N/m (3.1)
This matches roughly with the spring constant estimated based on the di-
mensions of the cantilever (equation 2.2).
Figure 3.3 shows the highest and lowest temperature thermal spec-
trum. The area under the peak in a thermal spectrum is related to the
thermal energy in the mode by the equipartition theorem:
k0〈x(t)2〉
2
=
kBT
2
(3.2)
22
Version of June 7, 2018– Created June 7, 2018 - 15:00
3.1 Saturation temperature 23
Figure 3.2: Quality factors from the same piezo driven spectra. The quality factor
can be seen to decrease slightly with temperature.
Figure 3.3: Thermal spectra at 40 and 800.9 mK, the spectra were averaged 100
times. The area under these spectra is a measure of thermal energy according
to equation 3.2, the 800 mK peak clearly has a much larger volume. The same
frequency shift noticed in the piezo driven measurements can be observed here,
the 800 mK peak has shifted to higher frequencies. The offset of the 800 mK
spectra has also increased compared to the 40 mK measurement, this is caused by
an increase of SQUID noise with higher temperatures.
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Figure 3.4: Mode temperature of the cantilever as a function of the bath temper-
ature. The mode temperature is determined from the integral of a corresponding
thermal spectrum, where we assume that the bath and mode temperature coin-
cide in the highest temperature measurement. The red line represents a fit with a
standard saturation curve (equation 3.3), yielding a saturation temperature of 100
mK and an exponent n = 3. This high saturation temperature is most likely due
to poor thermal conductivity of the Si3N4 cantilever. The blue line represents a
linear curve with slope 1 and no offset. It can be seen that the measured cantilever
temperature starts to deviate from the blue line around 100 mK.
24
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where x(t) is the amplitude of the cantilever, kB is the Boltzmann constant
and T is the temperature of the mode. The mode temperature T does not
necessarily coincide with the temperature of the bath, as poor thermal con-
ductance to the cantilever might cause the mode temperature to saturate.
Vibrations in the system may drive the cantilever, which would raise the
mode temperature. At 800 mK however, the thermal conductance should
be good enough to make the bath temperature and mode temperature the
same. Other sources of cantilever movement such as vibrations should
also be much less significant compared to the larger thermal movement.
We determine the mode temperature in other spectra by comparing the
area under the peak with area at 800 mK (fig 3.4). The predicted temper-
ature saturation shows a straight line up to 100 mK, where temperature
saturation occurs. This is in good agreement with our assumption that
the thermal noise is the dominant contribution to the temperature of the
cantilever at 800 mK. The red line represents a fit according to a standard
saturation equation:
Tcant = (Tn + Tn0 )
1/n (3.3)
where Tcant is the mode temperature as determined by the integral of the
measured thermal spectrum and T is the bath temperature, the saturation
temperature T0 and the exponent n are determined from the fit. The fit
yields T0 = 100± 10 mK and n = 3± 1. A saturation temperature of 100
mK is quite high but not unexpected since we did not put too much effort
into maximizing the thermal conductance to the cantilever. The exponent
n gives an indication of the mechanism behind the temperature satura-
tion. An exponent of 3.5 to 4 indicates phonon mediated transport of heat,
as opposed to electrons. As the electrical conductivity of Si3N4 is very low
at milliKelvin temperatures, this is a logical conclusion.
3.2 Thermal force noise
The minimal effective cantilever temperature found in the previous sec-
tion can now be used to calculate the thermal force noise. The power spec-
tral density of thermal force noise SF follows equation 1.7:√
SF√
BW
=
√
4kBT
ω0me f f
Q
= 0.66
aN√
Hz
(3.4)
In our group the single crystal Si cantilevers have reached a force noise of
below 0.5 aN/
√
Hz [17], however this was reached with a much lower sat-
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uration temperature of around 25 mK. So while our results do not provide
an immediate improvement we can expect our cantilevers to be of similar
quality as the previously used single crystal Si ones.
To translate the measured squid voltage to motion of the cantilever we
calculate the coupling constant β:
β2 =
(
∂USQ
∂x
)2
=
k0〈U2SQ〉
kBT
(3.5)
whereUSQ is the measured squid voltage. Using only spectra in the regime
where the temperature has not yet saturated (T > 200 mK) for this calcula-
tion we find β = 4.4 · 105 V/m. Using beta we translate the detection noise
floor of the SQUID signal in terms of meters, which gives 57 · pm√Hz,
which is quite high [18]. This high noise floor shows that the coupling
between the SQUID and the cantilever is poor, caused by the far from op-
timal position of the cantilever with respect to the SQUID.
26
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Chapter4
Higher order mechanical modes
In this chapter we will discuss the characterization of higher order me-
chanical modes of the cantilever. We first introduce a method of find
higher modes as they can be quite hard to find. The frequency of the
higher order modes will be compared to a finite element simulation of
the eigenfrequencies of the cantilever using COMSOL Multiphysics.
4.1 Motivations
Higher modes can be quite troublesome for MRFM measurements, as
excitations of higher modes of the cantilever may affect the spin system
under study. They can however also be used for practical purposes. For
example, Wagenaar et. al [18] showed higher modes can be used to cause
oscillations in the B0 magnetic field provided by the particle. This allows
one to create the radio frequency B1 field by driving the cantilever at a
higher resonance mode, which would alleviate the need for a supercon-
ducting RF wire on the sample.
Previously used single crystal silicon cantilevers had a width of 5 μm
while the new Si3N4 cantilevers have a width of only 1 μm. The resonance
frequency of transverse resonance modes of the cantilever is proportional
to the width of the cantilever to the third power [12]. It can thus be ex-
pected that transverse mechanical modes will occur at a much lower fre-
quency than in previous cantilevers and following equation 3.1 the spring
constant of these modes will be much lower than previously. A similar
effect can be expected in the torsional modes of the cantilever. Transverse
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motion of the cantilever is extremely problematic when implementing the
planned ”Easy MRFM”. In this measurement scheme the pick-up loop is
suspended next to the cantilever along its rigid direction. If the cantilever
motion in this direction is substantial it might snap to contact with the
pick-up loop. As there is no way to break this contact in the current setup
when cold, this would be a mayor deal-breaker for the Easy MRFM.
4.2 Finding higher resonances
Higher resonance modes can be quite hard to detect as the signal they
produce is often very weak. The higher resonance modes can also be hard
to differentiate from other resonances in the system, for example reso-
nances of the piezo element.
To find the higher resonance modes we use non-linear coupling be-
tween the fundamental resonance mode and the higher resonance modes.
When a higher mode is very strongly driven its movement enters a nonlin-
ear regime where Hooke’s law is no longer valid. This nonlinear behavior
will cause a change to the effective spring constant of the cantilever k0.
The change in k0 leads to a parametric driving of other resonance modes
in the cantilever. We can apply a very strong force with the piezo ele-
ment and quickly scan through a frequency range. From the response of
the fundamental resonance mode of the cantilever we should be able to
tell immediately when a higher resonance modes is driven in this man-
ner. The response of the fundamental resonance mode can also be used
to distinguish between higher resonance modes and other resonances of
the system. To find the exact frequency of a resonance modes slower fre-
quency scans should be preformed at suspected frequencies.
4.3 Results
A simulation of the resonant modes of the cantilever was done using
an eigenfrequency study of a COMSOL multiphysics package. Figure 4.1
shows an image of the simulated resonance modes. The simulation pa-
rameters were based on the measured geometry of the cantilever and mag-
netic particle, and finetuned to match the experimentally found resonance
modes, results are summarized in table 1. Simulations also predicted sev-
28
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Figure 4.1: Eigenfrequency simulations of higher cantilever modes. Higher res-
onance modes can be seen to increase in the number of nodes in the modeshape
of the cantilever. Most higher modes share a node at the magnetic particle, this is
due to the large weight of the particle compared to the rest of the cantilever. The
node at the particle means higher modes only cause a rotation of the particle not
a displacement. Modes 2, 5, 7 and 11 are all in the transverse plane, none of these
modes could be detected experimentally.
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eral transverse modes (mode 2, 7 and 11) and one torsional mode (mode 5)
however none of these modes could be found experimentally. The trans-
verse modes likely do not create any significant SQUID response because
the movement is perpendicular to the orientation of the dipole of the mag-
netic particle. Hence, the change of flux in the pick-up loop for these
modes is too small to detect.
Mode Simulated transverse Experimental Ratio simulation
number frequency (kHz) frequency (kHz) and experiment
1 1.646 no 1.645 1.001
2 13.929 yes - -
3 32.106 no 31.802 1.010
4 98.250 no 99.905 0.983
5 131.36 yes - -
6 186.67 no 200.94 0.929
7 288.27 yes - -
8 295.16 no 329.32 0.896
9 446.98 no 466.99 0.957
10 648.10 no 656.82 0.987
11 891.26 yes - -
12 894.90 no 853 1.048
4.4 Discussion
While no transverse mode was directly observed we assume the theo-
retically predicted frequencies to be accurate based on the accurate predic-
tion of the frequency of non transverse modes. The detected frequencies of
non transverse modes coincides in large part with results for single crystal
silicon cantilevers [18], as only the width of the cantilever changed signifi-
cantly this is not unexpected. The transverse modes do, as expected, occur
at much lower frequencies. The first transverse mode in the previous can-
tilever design was found to be located above 100 kHz, now the first trans-
verse modes occurs at a frequency of about 8.5 f0 = 14 000 Hz. We do note
that the transverse modes could not be observed directly, which gives an
indication that the motion in this mode was not very strong. We also find
that the first transverse mode is still quite far separated from the funda-
mental resonance mode. When applying a strong piezo drive to a higher
mode strong non linear (Duffing) effects could be observed, however by
keeping the piezo voltage below 1 mV this could be avoided entirely.
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Feedback cooling
In this chapter we demonstrate feedback cooling of the fundamental
resonance mode of the cantilever. The method and experimental setup
used to apply the feedback to the cantilever are described in section 2.5.
We calculate the minimal temperature which can be reached using this
method. In a first attempt of applying this method a temperature only 5
mK above this minimal temperature was achieved, however with a more
thorough application this result could easily be improved on.
5.1 Finding the correct phase
For optimal feedback cooling the phase of the feedback must be rotated
with 180 degrees with respect to the thermal motion of the cantilever. As
the use of filters in signal detections leads to a phase shift we first do a
rough sweep of phases of the feedback signal at constant gain to deter-
mine the correct phase in our setup. When positive feedback is applied
the SQUID increases rapidly until the amplifier output is saturated. To de-
termine the exact phase a more precise phase sweep is done as in figure 5.1,
when the phase is correct the corresponding spectrum will be fully sym-
metric around the resonance frequency. We find that a phase of roughly
60 degrees would be optimal for feedback cooling.
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Figure 5.1: Measured thermal spectra of the cantilever with feedback of different
phases applied. All feedback was of the same bandpass filter gain of 0.15. Spec-
tra taken at a filter phase of around 60 degrees appear to be almost entirely sup-
pressed by the feedback. Spectra taken at phases far above or below 60 degrees
are increasingly asymmetrical, one side of these spectra appears fully suppressed
while the other seems barely suppressed.
32
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5.2 Reducing the effective temperature
Figure 5.2 shows a set of measured squid spectra with increasing feed-
back gain. The thermal motion of the mode is slowly suppressed until it
reaches the background noise level. When the feedback amplitude is in-
creased even further the background noise itself becomes suppressed by
the feedback, this however increases the mode temperature of cantilever.
The spectra can be fitted according to a formula derived by Poggio et al.
[6]:
Sx =
1/m2
(ω20 −ω2)2 + (1 + g)2
ω2ω20
Q2
· SF +
(ω20 −ω2)2 + ω
2ω20
Q2
(ω20 −ω2)2 + (1 + g)2
ω2ω20
Q2
· Sxn
(5.1)
where the gain constant g is determined from the fit and Sxn is the detec-
tion noise, which is equal to the background observed in the spectra. Us-
ing the area under the measured peak to determine the mode temperature
of the cantilever is impossible for these spectra, as for high feedback gain
the spectra disappears under the background SQUID noise, which would
point to unphysical negative temperatures. Instead Poggio et al. note that
g can be used to determine the mode temperature:
Tmode =
Tsat
1 + g
+
k0ω0
4kBQ
g2
1 + g
Sxn (5.2)
In these measurements the temperature was not controlled, we assume it
to be equal to the saturation temperature of 100± 10 mK as determined in
section 3.1. The resulting temperatures are plotted in figure 5.3, in this fig-
ure we see that the spectra where the signal is suppressed below the mea-
surement floor actually increase in temperature. This is due to the mea-
surement noise being send into the cantilever through the feedback loop.
Formula 5.2 can also be used to determine what the minimally achievable
temperature is, which is limited by the Q factor, resonance frequency, sat-
uration temperature and the detection noise:
Tmode,min =
√
koω0Tsat
kBQ
Sxn = 23 mK (5.3)
Due to the high detection noise Tmin was not far below the saturation
temperature. By improving the coupling between the cantilever and the
SQUID the detection noise floor will drop and the effect of feedback cool-
ing will be more pronounced. As mentioned in chapter 3, the poor cou-
pling between the SQUID and the cantilever is caused by a large distance
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between the two. The lowest reached temperature in the feedback cooling
was 28 mK, only 5 mK above Tmin. However, by taking smaller gain steps
and determining the phase more accurately one could easily improve on
this result using the methods described here.
34
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Figure 5.2: Measured thermal spectra of the cantilever with feedback of different
gain applied, all at a feedback phase of 60 degrees. The lines represent fits ac-
cording to formula 5.1, the gain g is determined from these fits. The amplitude of
the spectra can be seen to slowly decrease as the gain increases. Once the gain g
becomes larger than 7 the feedback can be seen to suppress the background noise.
The spectra around g = 7 can be seen to be slightly asymmetrical. This shows the
phase is not quite optimal, a phase slightly below 60 degrees would give a better
result.
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Figure 5.3: Determined temperature as a function of g from equation 5.2. Tmin is
shown as a red line. Using this formula to determine the effective temperature it
can be seen that once the spectra is suppressed below the noise floor, the effective
temperature of the cantilever begins to increase again. This can be interpreted as
measurement noise being send back to the cantilever, acting as a source of heat
for the resonance mode.
36
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Chapter6
Conclusions
We have done a characterization of fundamental mode of new Si3N4
cantilever. A set of piezo driven spectra and a set of thermal spectra were
taken. From the piezo driven spectra we determined the resonance fre-
quency of the cantilever to be 1645 Hz, the quality factor 26000 and the
spring constant 2.25 · 10−5 N/m. From the thermal spectra the thermal
force noise in the fundamental mode of these cantilevers was determined.
The value measured was SF = 0.66 aN/
√
Hz at a saturation temperature
of 100 mK. This result is of a similar order of magnitude as the thermal
force noise in previously used single crystal silicon cantilever. This indi-
cates that the Si3N4 cantilevers likely preform on par with and potentially
even better than the traditional silicon cantilevers currently in use in the
MRFM setup.
We did a study into the higher frequency modes of the new Si3N4 can-
tilevers. The new cantilevers had a much smaller width which leads to
lower frequency transverse resonance modes and strong transversal mo-
tion. However no transverse modes could be experimentally detected,
indicating the motion still was negligible. A finite element simulation of
the cantilever eigenfrequencies was preformed to determine the location
of the transverse resonance modes, The lowest transverse resonance mode
was expected at 14000 Hz, still far above the fundamental resonance fre-
quency.
Lastly we developed a controlled method of applying feedback cool-
ing to the cantilever in an MRFM setup. The correct phase and gain for
a feedback signal were achieved using a variable bandpass filter. A pro-
gram was written to determine the correct cut-off frequencies for the de-
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sired gain and phase. A set of feedback spectra was taken with increasing
gain. The thermal energy in these spectra was determined to show that
we decreased the mode temperature from 100 mK to 28 mK. Further anal-
ysis determined that the minimal temperature achievable in the used mea-
surement setup was 23 mK, as it was heavily limited by the high detection
noise present. We believe that the demonstrated method can be used to
more reliably and easily apply feedback cooling in the main MRFM setup
of the group.
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